The effects of intense magnetic fields on Landau levels in a neutron
  star by Gao, Z. F. et al.
ar
X
iv
:1
30
9.
01
21
v1
  [
as
tro
-p
h.H
E]
  3
1 A
ug
 20
13
The effects of intense magnetic fields on Landau levels in
a neutron star
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Abstract In this paper, an approximate method of
calculating the Fermi energy of electrons (EF (e)) in a
high-intensity magnetic field, based on the analysis of
the distribution of a neutron star magnetic field, has
been proposed. In the interior of a Neutron star, dif-
ferent forms of intense magnetic field could exist simul-
taneously and a high electron Fermi energy could be
generated by the release of magnetic field energy. The
calculation results show that: EF (e) is related to den-
sity ρ, the mean electron number per baryon Ye and
magnetic field strength B.
Keywords Magnetar. Landau levels. Ultrastrong
magnetic fields. Neutron star. Fermi energy
1 Introduction
The surface of a neutron star(NS) is widely thought
to have magnetic strengths as high as 1013 G. The in-
ner magnetic field is assumed to be higher than that
at the surface, and may be confined within the crust
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or may be distributed throughout the entire neutron
star. Thompson and Duncan (1996) predicted that
higher magnetic fields could exist in the interiors of
these so-called magnetars, which are strongly magne-
tized neutron stars with field strengths several orders
of magnitude greater than in common radio pulsars.
Soft-gamma repeaters (SGRs) or anomalous X-ray pul-
sars (AXPs) are considered as candidates for magnetars
(Colpi et al. 2000), although this assumption requires
further confirmation (Harding et al. 1999).
For an ideal gas in equilibrium, the distribution func-
tion f(E) can be expressed as
f(E) =
1
exp[(E − µ)/kT ]± 1 , (1)
where the upper sign refers to fermions (Fermi-Dirac
statistics), the lower sign to bosons (Bose-Einstein
statistics); k and µ represent Boltzmann’s constant and
the particle chemical potential (also called the Fermi
energy EF ), respectively. For a completely degener-
ate fermion gas (T → 0, i.e., µ/kT → ∞), when
E ≤ EF , f(E) = 1; when E > EF , f(E) = 0. For
a massive cooling neutron star, it is the pressure asso-
ciated with degenerate matter at zero temperature that
supports the entire star against gravitational collapse.
If all electrostatic interactions are ignored, the electron
gas could be treated as ideal (noninteracting) at T = 0.
EF (e) then has the simple form
EF (e) = [p
2
F (e)c
2 +m2ec
4]
1
2 , (2)
with pF (e) the electron Fermi momentum. In the
interior of a NS, when B is too weak to be taken
into consideration, pF (e) is mainly determined by mat-
ter density (hereafter referred to as ρ) and the mean
electron number per baryon (hereafter referred to as
Ye)(Shapiro & Teukolsky 1983). The influence of a
high magnetic field on the equilibrium composition of
2a NS has been shown in detail in previous studies
(Yakovlev et al. 2001; Lai & Shapiro 1991). On the
basis of the distribution characteristics of Landau lev-
els, we introduce an approximate method for calculat-
ing the electron Fermi energy, which holds in two dif-
ferent systems: an ideal neutron-proton-electron (here-
after abbreviated to npe) gas and the more realistic
system of Baym, Pethick and Sutherland (hereafter
abbreviated to BPS) (Baym et al. 1971) consisting of
a Coulomb lattice of heavy nuclei embedded in an
electron gas (in the crust), where the electron Fermi
energy is very small ∼(1-25) MeV corresponding to
ρ ∼ (104 − 1011) erg cm−3 (Beskin et al. 1993). Our
method additionally holds in two different magnetic
fields: a weakly quantizing field and a non-quantizing
field.
This paper is organized as follows: in § 2, we summa-
rize NS structure and NS magnetic field, and consider
the influences of magnetic fields on NS matter and some
simple non-equilibrium processes; in § 3, we deduce an
equation involving EF (e), ρ, B and Ye, which is suit-
able for ultrastrong magnetic fields; in § 4, a dispute on
EF (e) in intense magnetic fields is presented. A brief
conclusion is given in § 5.
2 Effects of magnetic fields on neutron star
matter
This section is divided into three parts. To aid inter-
pretation of later sections, we review briefly the dis-
tribution of a NS magnetic field and the relationship
between the neutron star magnetic field and Landau
levels. The details are as follows.
2.1 Structure of a neutron star
A NS can be subdivided into an atmosphere and four
main internal regions (the outer crust, the inner crust,
the outer core, and the inner core), where the electron
Fermi energy grows with ρ.
The atmosphere is a thin layer of plasma which de-
termines the spectrum of thermal electromagnetic ra-
diation of the star. The geometrical depth of the at-
mosphere varies from some ten centimeters in a hot
star down to some millimeters in a cold one. The
outer crust, consisting of nuclei and electrons, extends
from the bottom of the atmosphere to the layer of den-
sity ρd ≈ 4×1011 g cm−3, at which the Fermi energy
EF (n) = EF (e) = 25 MeV, and has a depth of a few
hundred meters (Shapiro & Teukolsky 1983). Owing
to its relatively low density, it contains about 10−5 of
the total star mass. At ρ ≤ 104 g cm−3, the electron
gas may be non- degenerate and the ionization may be
incomplete; for ρ < 107 g cm−3, the ground state is
56
26Fe, the nuclei capture electrons and become neutron-
rich at density ∼ 109 g cm−1; and the neutrons start
to drip from the nuclei and form a free neutron gas
at ρ = ρd. The inner crust, composed mainly of de-
generate relativistic electrons and non-relativistic nu-
clei over-saturated with neutrons, extends from density
ρd at the upper boundary to ∼ 0.5ρ0 at the base, and
can be several kilometers deep, where ρ0 = 2.8 ×1014
g cm−3 is the standard nuclear density. When at the
crust-core interface ∼ 1.4×1014 g cm−3, the nuclei dis-
appear completely.
The outer core, consisting of neutrons mixed with
a small number of protons and electrons, occupies the
density range 0.5ρ0 ≤ ρ ≤ 2ρ0 and has a depth of sev-
eral kilometers. When density approaches ρ0, there are
so many neutrons that about ninety-five percent of par-
ticles are neutrons, with only a small fraction of pro-
tons and electrons (Ye = Yp ∼ 0.05)(Becker et al. 2009;
Tsuruta et al. 2002). For ρ ≫ ρ0, where the electron
Fermi energy EF (e) > mµc
2 = 105.7 MeV, a small
fraction of muons (µ) appear (Yakovlev et al. 2001).
It is worthwhile to note that a three-component liq-
uid (neutrons, protons and electrons) is in equilibrium
under mutual β− transformations. The inner core is
about several kilometers in radius and has a central
density as high as ∼ 10ρ0. For the inner core of a NS,
with still further increase of density it becomes ener-
getically more economic if some nucleons transform to
‘exotic’ particles such as hyperons, pion condensates,
kaon condensates and quarks, etc, when ρ > ρtr, ρtr
is the transition density to these ‘exotic’ particles,
which is ∼ 4ρ0(Becker et al. 2009; Tsuruta et al. 2002;
Tsuruta et al. 2009). The maximum of the inner core
density could exceed this transition density, so hyper-
ons, pion condensates, kaon condensates, quarks and
nucleons with large Ye are expected in the inner core of
a NS (Tsuruta et al. 2002; Tsuruta et al. 2009).
2.2 Magnetic fields of a neutron star
Different forms of strong magnetic field could exist in
the interior of a magnetar at the same time. For in-
stance, in the absence of superconductivity, the mag-
netic field is uniform on microscopic scales, and many
Landau levels are occupied by the particles participat-
ing in neutrino reactions because the Fermi energies
of the particles are too high. For example, protons
and electrons occupy ∼ 300 Landau levels in a non-
quantizing strong magnetic field ∼ 1016 G at a den-
sity of about 1 ∼ several ρ0(Yakovlev et al. 2001). The
neutrino emissivities in such cases are about the same
3as in the non-magnetized matter because the effects of
magnetic quantization on the neutrino emissivities are
usually too weak.
On the contrary, if in the regions where protons are
superconducting and neutrons are superfluid, the mag-
netic field most likely exists in the form of the quantized
magnetic flux tubes (fluxoids), in such case, the major-
ity of the electrons are restricted to the ground Landau
level by this field referred to as strongly quantizing mag-
netic field; in addition to these two types, an important
phenomenon under study is called weakly quantizing,
which often occurs at low temperatures and high den-
sities, when only a few Landau levels are populated.
If the superhigh magnetic fields of magnetars orig-
inate from the induced magnetic fields by the ferro-
magnetic moments of the 3P2 Cooper pairs of the
anisotropic neutron superfluid at a moderate lower tem-
perature (T ≪ 2.87×108 K, the critical temperature of
the 3P2 neutron superfluid) and high nuclear density (∼
0.5ρ0 < ρ <2.0 ρ0), then the maximum of magnetic field
strength for the heaviest magnetar may be estimated
to be 3.0×1015G according to our model (Peng & Tong
2007, 2009).
2.3 Influences of magnetic fields on star matter
The magnetic field greatly influences the properties of
the NS matter. In particular, for the crust of a NS,
when in a strong magnetic field B ∼ 1012 G, individual
atoms will be elongated in the direction of this exter-
nal field (Flower et al. 1977; Flower & Itoch 1979). In
this case, crystals consisting of such atoms differ sub-
stantially from normal crystals, so there must clearly
be anisotropy in their properties. The influence of the
magnetic field on the crust matter structure of a NS is
determined by the parameter η(Ruderman 1971). The
expression for η is
η = a0/ZaB ≃ 15B1/212 Z−3/2, (3)
where a0, Z, aB and B12 are the first Bohr radius
of hydrogen atom, nuclear charge number, the ra-
dius of the electron cloud in the quantizing magnetic
field and the magnetic field in units of 1012 G, re-
spectively (Ruderman 1971); aB can be expressed as
aB = (~/mωB)
1/2(Landau & Lifshitz 1965). The ex-
ternal magnetic field determines the shell structure of
external electrons if η ≫ Z−3/2.
A superhigh field (B ≥ Bcr) can strongly quan-
tize particle motion, modify the phase space of protons
(electrons), shift the beta- equilibrium, increase the
proton (electrons) fraction (Chakrabarty et al. 1997;
Lai & Shapiro 1991), change the nuclear shell energies
and nuclear magic numbers, and therefore influence the
nuclear composition and the equation of states of the in-
ner crust of a NS. Furthermore, magnetic fields ∼ 1020
G may cause a substantial n → p conversion, and as a
result the system, composed of an ideal neutron-proton-
electron gas, may be converted to highly proton-rich
matter (Chakrabarty et al. 1997). However, magnetic
fields of such magnitude inside NSs are uncertain and
are also unauthentic. To date, there have been no ob-
servations indicating the existence of fields B ≥ 1016
G, in a NS interior; moreover, according to the virial
theorem, a magnetic field B ≥ 1018 G cannot exist in
a NS because the magnetic field energy (∼ R3B2/6)
would predominate over the gravitational binding en-
ergy (∼ 3GM2/5R), such that a dynamical instability
in the hydrostatic configuration would be induced by
this ultrastrong magnetic field (Shapiro & Teukolsky
1983; Lai & Shapiro 1991).
3 Electron Fermi energy in superhigh magnetic
fields
We now consider a uniform magnetic field B directed
along the z-axis. In this case, in the Landau gauge
the vector potential
−→
A reads
−→
A = (−By, 0, 0). For
extremely strong magnetic fields, the cyclotron energy
becomes comparable to the electron rest-mass energy,
and the transverse motion of the electron becomes rel-
ativistic. We can define a relativistic magnetic field
(often called a quantum critical magnetic field Bcr) by
the relation ~ω = mec
2, which gives Bcr = m
2
ec
3/e~
= 4.414 ×1013 G. The electron energy levels may be
obtained by solving the relativistic Dirac equation in a
strong magnetic field with the result
Ee = [m
2
ec
4(1 + ν
2B
Bcr
) + p2zc
2]
1
2 (4)
where the quantum number ν is given by ν = n+ 12 +
σ for the Landau level n = 0, 1, 2, · · · , spin σ = ± 12
(Canuto & Ventura 1977), and the quantity pz is the
z-component of the electron momentum and may be
treated as a continuous function. Combining Bcr =
m2ec
3/e~ with µe = e~/2mec gives
E2e = m
2
ec
4 + p2zc
2 + (2n+ 1 + σ)2mec
2µeB, (5)
where µe ∼0.927 ×10−20 ergs G−1 is the magnetic mo-
ment of an electron. According to the Pauli exclusion
principle, the electrons are situated in disparate en-
ergy states in order one by one from the lowest energy
state up to the Fermi energy (the highest energy) with
the highest momentum pF (z) along the magnetic field,
and the electron energy state in a unit volume, Npha,
should be equal to the electron number density, ne. It is
4convenient to define a non-dimensional magnetic field:
B∗ = B/Bcr and the electron momentum perpendicu-
lar to the magnetic field p⊥ = mec
√
(2n+ 1 + σ)B∗.
Using the relation 2µeBcr/mec
2 = 1 and summing over
electron energy states in a 6-dimension phase space, we
can express Npha as follows:
Npha =
2pi
h3
∫
dpz
nm(pz,σ,B
∗)∑
n=0
∑
gn
∫
δ(
p⊥
mec
− [(2n+ 1 + σ)B∗] 12 )p⊥dp⊥, (6)
where δ( p⊥mec−[(2n+1+σ)B∗]
1
2 ) is the Dirac δ-function.
For n = 0, the spin is antiparallel to B, the spin
quantum number σ = −1, so the ground state Lan-
dau level is non-degenerate; whereas at higher levels
n > 0 are doubly degenerate, and the spin quantum
number σ = ±1. Therefore the spin degeneracy gn = 1
for n = 0 and gn = 2 for n ≥ 1, then Eq.(5) can be
rewritten
Npha = 2pi(
mec
h
)3
∫
d(
pz
mec
)[
nm(pz,σ,B
∗)∑
n=0∫
δ(
p⊥
mec
− (2nB∗) 12 )( p⊥
mec
)d(
p⊥
mec
) +
nm(pz,σ,B
∗)∑
n=1∫
δ(
p⊥
mec
− (2(n+ 1)B∗) 12 )( p⊥
mec
)d(
p⊥
mec
)], (7)
where the maximum z-momentum pF (z) is defined by
[pF (z)c]
2 +m2ec
4 + (2n+ 1 + σ)m2ec
4B∗ ≡ E2F (e). (8)
The maximum Landau level number nm is the up-
per limit of the summation over n in Eq.(7), which
is uniquely determined by the condition [pF (z)c]
2 ≥ 0
(Lai & Shapiro 1991). The expression for nm is
nm(σ = −1) = Int[ 1
2B∗
[(
EF (e)
mec2
)2 − 1− ( pz
mec
)2]], (9)
nm(σ = 1) = Int[
1
2B∗
[(
EF (e)
mec2
)2−1−( pz
mec
)2]−1], (10)
where Int[x] denotes an integer value of the argument
x. Eq.(7) may now be rewritten
Npha = 2pi(
mec
h
)3
∫ EF (e)
mec
2
0
[
nm(pz ,σ=−1,B
∗)∑
n=0
√
n+
nm(pz,σ=1,B
∗)∑
n=1
√
n+ 1]
√
2B∗d(
pz
mec
). (11)
The term
∑nm(pz,σ=1,B∗)
n=1
√
n+ 1 can be treated as
nm(pz,σ=1,B
∗)∑
n=1
√
n+ 1 =
nm(pz,σ=1,B
∗)∑
n=0
√
n+ 1−
(
√
1 +
√
0) =
n′
m
(pz,σ=1,B
∗)∑
n′=0
√
n′ − 1, (12)
where
n′m(pz, B
∗, σ = 1) = nm(pz , B
∗, σ = −1)
= Int[
1
2B∗
[(
EF (e)
mec2
)2 − 1− ( pz
mec
)2]]. (13)
Then we have
Npha = 2pi(
mec
h
)3
∫ EF (e)
mec
2
0
√
2B∗[2
nm∑
n=0
√
n
−1]d( pz
mec
) = 4pi(
mec
h
)3
∫ EF (e)
mec
2
0
√
2B∗[2
nm∑
n=0
√
n− 1
2
]d(
pz
mec
) = 4pi(
mec
h
)3
√
2B∗
∫ EF (e)
mec
2
0
2
3
n
3
2
md(
pz
mec
)− 2pi(mec
h
)3
√
2B∗(
EF (e)
mec2
). (14)
Note, in the crust or interior of a NS, if the density
is so high that the electron longitudinal kinetic energy
exceeds its rest-mass energy, or if the magnetic field is
so high that the electron cyclotron energy also exceeds
its rest-mass energy, the electron becomes relativistic
in either case. We introduce a ratio q defined as q =
I1/I2, where I1 =
∫ nm
0
√
ndn and I2 =
∑nm
n=0
√
n. If we
assume nm to be 5, 6, 7, 8, 9, 10, 15, 20 and 30, then the
corresponding values of q are 0.889, 0.905, 0.916, 0.925,
0.932, 0.938, 0.957, 0.967 and 0.977, respectively. It is
easy to see that q increases with nm and q ≃ 1 if n ≫
1. Therefore, when nm(pz , B
∗) ≥ 6, the summation
formula can be approximately replaced by the following
integral equation:
nm∑
n=0
√
n ≃
∫ nm
0
√
ndn =
2
3
n
3
2
m. (15)
For simplicity, we focus on the crustal regions where
the matter density is high, the magnetic field B∗ ≤ 1
(see § 2) and Eq.(15) holds approximately. Substituting
5Eq.(14) into Eq.(13) we obtain
Npha = 6pi
√
2B∗(
mec
h
)3
∫ EF (e)
mec
2
0
n
3
2
m
d(
pz
mec
)− 2pi(mec
h
)3
√
2B∗(EF (e)
mec2
)
= 6pi
√
2B∗(
mec
h
)3(
1
2B∗
)
3
2
∫ EF (e)
mec
2
0
[(
EF (e)
mec2
)2 − 1
−( pz
mec
)2]
3
2 d(
pz
mec
)− 2pi(EF (e)
mec2
)(
mec
h
)3
√
2B∗
=
3pi
B∗
(
mec
h
)3
∫ EF (e)
mec
2
0
[(
EF (e)
mec2
)2 − 1− ( pz
mec
)2]
3
2
d(
pz
mec
)− 2pi(EF (e)
mec2
)(
mec
h
)3
√
2B∗. (16)
In order to derive the formula for EF (e), we firstly in-
troduce two non-dimensional variables χ and γe, which
are defined as χ = ( pzmec )/(
EF (e)
mec2
) = pzc/EF (e) and
γe = EF (e)/mec
2, respectively, then Eq.(16) can be
rewritten as
Npha =
3pi
B∗
(
mec
h
)3(γe)
4
∫ 1
0
(1− 1
γ2e
−χ2) 32 dχ− 2piγe(mec
h
)3
√
2B∗. (17)
The electron number density is determined by
ne = NAρYe, (18)
where NA = 6.02×1023 is the Avogadro constant
(Shapiro & Teukolsky 1983). For a given nucleus with
proton number Z and nucleon number A, the rela-
tion Ye = Z/A always holds. Combining Eq.(17) with
Eq.(18), we have
3pi
B∗
(
mec
h
)3(γe)
4
∫ 1
0
(1− 1
γ2e
− χ2) 32 dχ
−2piγe(mec
h
)3
√
2B∗ = NAρYe, (19)
where 1/γ2e is called the modification factor. The cal-
culation shows that the value of 1/γ2e decreases with
increasing EF (e), and the value of 1/γ
2
e is too small to
be included in the calculation when EF (e) ≥ 5 MeV.
Eq.(19) can be rewritten as
(3pi)2
16B∗
(γe)
4 − 2piγe
√
2B∗ = (
mec
h
)−3NAρYe, (20)
where the relation
∫ 1
0
(1 − χ2) 32 dχ = 3pi/16 is used.
Now, we simply discuss the application conditions of
Eq.(15). It is important to note that, in a non-
relativistic weak field, the electron cyclotron energy is
~ωB = ~eB/(mec)= 11.5 B12 KeV, the maximum Lan-
dau level number nm ∼ EF (e)/~ωB ∼ 102 or higher,
where B12 is magnetic field in units of 10
12 G; also, in
the case of a weakly quantizing relativistic strong mag-
netic field (B ∼ 1014 ∼ 1015 G), the solution of non-
relativistic electron cyclotron motion equation ~ωB is
no longer suitable, but if this equation is used, the rest
mass of an electron me must be replaced by its effec-
tive mass m∗e, which is far larger than the former after
taking into account the effect of relativity. In this lat-
ter case nm could be estimated to be ∼ 10 or higher,
rather than 0 or 1, which shows our evaluations are
reasonable. In fact, all of the analytic derivations in
this Section are based on the solution of the relativis-
tic Dirac equation for the electrons. So the range of
Eq.(15) could be B∗ ∼(0.1-100) and ρ ∼ (106 ∼ 1015)
g cm−3.
For a NS, the magnetic field varies with density, and
the properties of star matter are greatly influenced by
the magnetic field. Details of how magnetic fields influ-
ence the structure and the properties of a NS have been
discussed briefly in §2.3. However, we can understand
such influences gradually through experiments, due to
the peculiar circumstances of NSs (such as ultrastrong
magnetic fields and superhigh densities etc). If we take
into account the influence of a strong magnetic field on
a cold, neutral gas of free electrons and a single species
of nucleus (Z,A), then applying the BPS system based
on a semi-empirical nuclear mass formula can yield the
relationship for ρ and B. The equilibrium nuclei and
the maximum equilibrium densities for specific nuclei
are listed in Table 1 for B∗ = 0, 0.1, 1, 10, 100.
In Table 1, when B 6= 0, the nucleus transition densi-
ties become indistinguishable in the leading three digits
to those that are field-free, so the transition densities no
longer continue to be listed. Table 1 clearly shows that
a high-intensity magnetic field alters the nucleus tran-
sition densities for the low-A nuclei. For the highest
field B = 100 Bcr,
62
28Ni is found to be absent from the
equilibrium nucleus sequence. As the density increases,
the nuclei become increasingly saturated with neutrons,
but in all cases, neutron drip occurs at ρ = ρd. Now, for
the purpose of reducing error, an approximate method
for calculating EF (e) (EF (e) ≤ 5 MeV) is introduced.
For instance, if we want to obtain the value of EF (e)
corresponding to the equilibrium nucleus density ρ =
1.34×109 g cm −3 for the nucleus 6428Ni when the mag-
netic field B∗= 10, we should firstly calculate the value
of the integral, which is written as follows:
∫ 1
0
(1− 1
γ2e
− χ2) 32 dχ
≃
∫ 1
0
(1− (0.511
4.31
)2 − χ2) 32 dχ = 0.5726, (21)
6Table 1 Magnetic BPS equilibrium nuclei below neutron drip.
Nameb ρmax1
a ρmax2
a ρmax3
a ρmax4
a ρmax5
a
(B∗ = 0) (B∗ = 0.1) (B∗ = 1) (B∗= 10) (B∗= 100)
56
26Fe ............................... 7.99 × 10
6 8.01 × 106 9.06× 106 4.84 × 107 4.67× 108
62
28Ni ............................... 2.71 × 10
8 2.72× 108 3.10 × 108 1.68× 109
64
28Ni ............................... 1.32 × 10
9 1.34 × 109 2.78× 109
66
28Ni ............................... 1.54 × 10
9 1.52 × 109 NO c
86
36Kr ............................... 3.11 × 10
9 3.87× 109
84
34Se ............................... 9.98 × 10
9 1.14 × 1010
82
32Ge ............................... 2.08× 10
10 2.10 × 1010
80
30Zn ............................... 5.91× 10
10 5.69 × 1010
78
28Ni ............................... 8.21× 10
10 8.13 × 1010
126
44 Ru ............................... 1.19× 10
11 1.20 × 1011
124
42 Mo ............................... 1.66× 10
11 1.67 × 1011
122
40 Zr ............................... 2.49× 10
11 2.50 × 1011
120
38 Sr ............................... 3.67× 10
11
122
38 Sr ............................... 3.89× 10
11
118
36 Kr ............................... 4.41× 10
11
aThe ‘a’ symbol indicates that ρmax is the maximum density at which the nuclide is present.
bThe ‘b’ symbol indicates that the first six nuclear masses are known experimentally. The remainder are from
the Janecke-Gravey-Kelson mass formula (see (Wapstra & Bos 1976)).
cThe ‘c’ symbol indicates that 66
28
Ni is found to be absent from the equilibrium nucleus sequence, so is not presented.
Note: This Table is cited from (Lai & Shapiro 1991). All the values of ρmax are measured in g cm−3.
where the value of EF (e) ∼ 4.31 MeV corresponding to
B∗= 0 is used. Simplifying Eq.(20) gives
3pi
1
× 0.5726(γe)4 − 2piγe
√
2 = (
mec
h
)−3NAρYe. (22)
Inserting the values Ye = 0.4375, ρ = 1.34×109g cm−3,
me = 9.11×10−28 g, h = 6.63×10−27 erg s, c = 3×1010
cm s−1 and NA = 6.02×1023 into Eq.(22) yields γe ∼
9.964, then EF (e) is estimated to be 0.511× 9.964 MeV
≈ 5.09 MeV. It’s worthwhile to note that the value of
EF (e) is ∼ 5.05 MeV if modification factor 1/γ2e is ig-
nored. From Eq.(20), it’s clear that EF (e) is a function
of B, Ye and ρ. Combining Table 1 with Table 2 can al-
low us to calculate EF (e) in any given intense magnetic
field, the results are partly shown as follows.
In the interior of a neutron star, EF (e) is commonly
determined by ρ, Ye and B. In a given weakly quan-
tizing strong magnetic field (B∗ ≤ 1), EF (e) increases
with matter density ρ, though Ye decreases slightly with
the nucleon number A. For a perfect crystal lattice
with a single nuclear species (A,Z), the magnetic field
enhances the nuclear transition density, causing a sig-
nificant increase of EF (e). From Table 2, we can infer
that the experimental value of 0.95 MeV (see the first
row of Table 2) is evidently smaller than the theoreti-
cally correct value (no less than 1 MeV) because when
the electron kinetic energy is comparable to its rest en-
ergy (mc2), the electron is relativistic. Meanwhile, the
experimental value of 2.61 MeV (see the second row of
Table 2) must be higher than the theoretical value (less
than 1.96 MeV), otherwise the calculated value 1.96
MeV is incorrect.
Solving Eq.(22) gives a useful special solution for
EF (e)
EF (e) = 34.9[
Ye
0.05
ρ
ρ0
B
Bcr
]
1
4MeV(B∗ ≥ 1). (23)
From Eq.(23), we obtain the schematic diagrams of
EF (e) vs. B and EF (e) vs. ρ as shown in Figure 1.
From Figure 1, it is clear that EF (e) increases with
increasing B in the case of superhigh magnetic fields.
We speculate that the high Fermi energy of electrons
could be from the release of the magnetic energy ac-
cording to our model.
4 A dispute on the electron Fermi energy in
intense magnetic fields
This section is composed of three subsections. For each
subsection we present different methods and consider-
ations.
4.1 Interpretations of high Fermi energy of electrons
In this part, the possible interpretations of high EF (e)
are given as follows.
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Fig. 1 Top, the electron Fermi energy dependence of the
magnetic field strength when ρ = 2.8 ×1014 g cm−3. The
range of B is (0.5×1014 ∼ 3.0×1015)G. Bottom, the electron
Fermi energy dependence of the matter density when B =
3 ×1015 G. The range of ρ is (0.5 ∼ 3.6) ×1014 g cm−3.
Firstly, the electron Fermi energy increases with
matter density. In the interior of a magnetar, mag-
netic fields are closely interconnected with matter den-
sity, and an extremely strong magnetic field could ex-
ist in the depths of the star where matter density
ρ ∼ (1014 ∼ 1015) g cm−3 and EF (e) ≥ 100 MeV
Yakovlev et al. (2001), and the value of Ye is expected
to be higher than the mean value of Ye of a NS, which
implies that EF (e) is also expected to increase. For ex-
ample, hyperon, pion condensates, kaon condensates,
quarks and nucleons with large Ye are expected in the
inner core of a NS (Tsuruta et al. 2002; Tsuruta et al.
2009), the maximum of the inner core density could ex-
ceed the transition density ρtr, the value of EF (e) could
be far larger than 100 MeV, accordingly.
Secondly, due to the existence of a weakly quantiz-
ing intense magnetic field and a non-quantizing intense
magnetic field in the interior of a magnetar, nmax could
be large, which implies the cyclotron energy of electrons
is high, hence the electron Fermi energy is also high.
Finally, in the case of field-free (or weak field), both
dpz and dp⊥ change continuously, the microscopic state
number in a volume element of phase space d3xd3p is
d3xd3p/h3. In the presence of an intense magnetic field,
dpz changes continuously, whereas dp⊥ is not continu-
ous and must obey the Landau relation: (p⊥/mec)
2 =
(2n+ 1 + σ)B∗, n = 0, 1, 2, · · · , nmax(pz, B∗, σ). For a
given pz, there is a maximum orbital quantum number
nmax(pz, B
∗, σ) ≈ nmax(pz , B∗). In superhigh mag-
netic fields, an envelope of these Landau cycles with
maximum orbital quantum number nmax(pz , B
∗)(0 ≤
pz ≤ pF )will approximately form a sphere, i.e. a Fermi
sphere. The number of states in the x− y plane will be
less than that when the magnetic field is absent. For
a given electron number density in a highly degenerate
state, the stronger the magnetic field, the larger the
maximum of pz, hence the lower the number of states in
the x−y plane according to the Pauli exclusion principle
(each microscopic state is only occupied by one electron
). In other words, when B increases, both nmax(pz, B
∗)
and the number of electrons in the x−y plane decrease;
accordingly, the radius of the Fermi sphere pF expands,
which means that the electron Fermi energy EF (e) also
increases. It should be noted that the higher the elec-
tron Fermi energy, the more obvious the ‘ expansion ’ of
the Fermi sphere; however, the majority of the momen-
tum space in the Fermi sphere is empty and unoccupied
by electrons.
In a word, the stronger the magnetic field, the higher
the electron Fermi energy; the high Fermi energy of
electrons could be supplied by the release of the mag-
netic energy.
4.2 A wrong conclusion on the electron Fermi energy
The Fermi energy of the electrons is generally believed
to decrease with the increase of the magnetic field
strength for ultrastrong magnetic fields. The reasons
for this are as follows: The non- relativistic Schro¨dinger
Equation for the electrons in a uniform external mag-
netic field along the z−axis gives the electron energy
level
Ee = p
2
zc
2/2me + (2n+ 1+ σ)~ωB, (24)
where ~ωB = 2µeB, ωB is the well-known non-
relativistic electron cyclotron frequency (c.f Page 460
of Quantum Mechanics (Landau & Lifshitz 1965)). In
the direction perpendicular to the magnetic field, the
energy of electrons is quantized. In the interval [pz
pz+dpz] along the magnetic field, for a non-relativistic
electron gas, the possible microstate numbers are given
by
Npha(pz) =
eB
4pi~2
dpz
c
. (25)
8Therefore, we obtain
Npha =
∫ pF
0
Npha(pz)dz =
eB
4pi~2
EF (e)
c2
, (26)
where the solution of Eq.(24) is used (also c.f. Page 460
of Quantum Mechanics (Landau & Lifshitz 1965)). In
the light of the Pauli exclusion principle, the electron
number density should be equal to its microstate den-
sity,
Npha = ne =
eB
4pi~2
EF (e)
c2
= NAρYe. (27)
From Eq.(27), it is easy to see EF (e) ∝ B−1 when ne
is given. We then ask why such a phenomenon exists.
After careful analysis, we find that the solution of the
non-relativistic electron cyclotron motion equation ~ωB
is incorrectly(or unsuitably) applied to calculate the en-
ergy state density in a relativistic degenerate electron
gas. It’s interesting to note that, in Page 12 of Canuto
& Chiu (1971), in order to evaluate the degeneracy of
the n-th Landau level ωn, they first introduce the cylin-
drical coordinates (p⊥, φ) where φ = arctanpx/py, and
obtain an approximate relation
ωn = (2pi~)
∫ 2pi
0
dφ
∫
A<p2
⊥
<B
p⊥dp⊥
= 2pi(2pi~)−2
(B −A)
2
=
1
2pi
(
~
mec
)−2
B
Bcr
, (28)
where A = m2c2 BBcr 2n and B = m
2c2 BBcr 2(n +
1)(Canuto & Chiu 1971). The authors stated clearly
that this relation is valid only when B=0, in other
words, this relation is just an approximation in the case
of weak magnetic field (B ≪ Bcr). Surprisingly, this re-
lation has been misused for nearly 40 years since then.
Even in some textbooks on statistical physics, the sta-
tistical weight is calculated unanimously by using the
expression
1
h2
∫
dpxdpy =
1
h2
pip2⊥ |n+1n =
4pimeµeB
h2
. (29)
This expression will also cause the wrong deduction:
EF (e) ∝ B−1, which is exactly the same as that from
Eq.(27). This wrong deduction is due to the assumption
that the torus located between the n-th Landau level
and the (n+ 1)-th Landau level in momentum space is
ascribed to the (n + 1)-th Landau level instead of us-
ing Eq.(28). Thus, the electron energy (or momentum)
will change continuously in the direction perpendicu-
lar to the magnetic field, which is contradictory to the
quantization of energy (or momentum) in the presence
of intense magnetic field. Actually, the electrons are
relativistic and degenerate in the interior of a NS, so
that Eq.(24) and Eq.(26) are no longer applicable. We
therefore replace Eq.(24) and Eq.(26) by Eq.(30) and
Eq.(31), respectively.
E2e = m
2
ec
4 + p2zc
2 + (2n+ 1 + σ)2mec
2µeB, (30)
Npha =
2pi
h3
∫
dpz
nm(pz,σ,B
∗)∑
n=0
∑
gn
∫
δ(
p⊥
mec
− [(2n+ 1 + σ)B∗] 12 )p⊥dp⊥, (31)
where the Dirac δ-function δ( p⊥mec − [(2n+ 1+ σ)B∗]
1
2 )
must be taken into account, for otherwise we would
reach the wrong conclusion that EF (e) decreases with
the increase of the field strength, B, in intense magnetic
fields (B ≫ Bcr).
4.3 Observations of magnetars
It is widely supposed that the magnetic field is the main
energy source of all the persistent and bursting emis-
sion observed in AXPs and SGRs Duncan & Thompson
(1992); Mereghetti (2008). Based on the observation
up to now (10 February 2011) of nine SGRs (seven con-
firmed) and twelve AXPs (nine confirmed) at hand, a
statistical investigation of relevant parameters is possi-
ble. All known magnetars are X-ray pulsars with lumi-
nosities of LX ∼ (1032 ∼ 1036) erg s−1, usually much
higher than the rate at which the star loses its rota-
tional energy through spin-down Rea et al (2010). In
Table 3, the persistent parameters of sixteen confirmed
magnetars are listed in the light of observations per-
formed in the last two decades.
From Table 3, we obtain the schematic diagram of
magnetar’s soft X-ray luminosity as a function of mag-
netic field strength as shown in Figure 2(a). From Fig-
ure 2(a), it’s obvious that magnetar’s soft X-ray lu-
minosity increases with the increasing magnetic field
strength. Furthermore, we also obtain the schematic
diagrams of magnetar’s soft X-ray luminosity as a func-
tion of the electron Fermi energy The stronger the
magnetic fields, the higher the electron Fermi energy
becomes. Thus, magnetar’s soft X-ray luminosity in-
creases with the increasing the electron Fermi energy
as shown in Figure 2(b).
It is particularly worth noting that magnetars SGR
0501+4516, SGR 0418+5729 and SGR1833+0832 with
no persistent soft X/γ-ray fluxes observed need not
be considered when fitting the curves in Figure 2.
In addition, according to canonical magnetar model
(Duncan & Thompson 1992, 1996; Thompson & Duncan
1996), magnetar is a massive cooling isolated neutron
9Table 3 AXP/SGR persistent parameters.
Name Ba LX dE/dt
b
SGR0526-66 5.6 1.4×1035 2.9×1033
SGR1806-20 24 5.0×1036c 6.7×1034
SGR1900+14 7.0 (0.83∼1.3) 2.6×1034
×1035
SGR1627-41 2.2 2.5×1033 4.3×1034
SGR0501+4516 1.9 NO 1.2×1033
SGR0418+5729 < 0.075 NO < 3.2× 1029
SGR1833+0832 1.8 NO 4.0×1032
CXOUJ0100 3.9 7.8×1034 1.4×1033
1E2259+586 0.59 1.8 ×1035 5.6×1031
4U0142+61 1.3 >5.3×1034 1.2×1032
1E1841-045 7.1 2.2×1035 9.9×1032
1RXSJ1708 4.7 1.9×1035 5.7×1032
CXOJ1647t 1.6 2.6× 1034 7.8×1031
1Et 1547.0-5408 2.2 5.8×1032 1.0×1035
XTEJt 1810-197 2.1 1.9×1032 1.8×1033
1Ed 1048.1-5937 4.2 5.4×1033 3.9×1033
aThe sign ‘a’ denotes that the surface dipolar magnetic
field of a pulsar can be estimated using its spin period,
P , and spin-down rate, P˙ , by B ≃ 3.2× 1019(P P˙ )
1
2 G,
where P is in seconds and P˙ is in secods/second;
bThe sign ‘b’ indicates: A pulsar slow down with time
as its rotational energy is lost via magnetic dipolar ra-
diation, and the loss rate of a pulsar’s rotational energy
is noted as dE/dt;
cThe sign ‘c’ denotes: from Thompson & Duncan 1996;
tThe ‘t’ symbol indicates: transient AXP;
dThe ‘d’ symbol indicates: dim AXP.
Note: All data are from the McGill AXP/SGR online
catalog of 10 Feb. 2011(http://www.physics. mcgill.ca/∼
pulsar/magnetar/main.html) except for LX of SGR1806
-20. The units of B, LX and dE/dt are 10
14 G, erg s−1
and erg s−1, respectively.
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Fig. 2 Top, the fitted curve of LX vs. B for magnetars.
The range of B is (0.5×1014 ∼ 2.5×1015)G. Squares and
circles mark the values of variables corresponding to SGRs
and AXPs, respectively. Bottom, the fitted curve of LX vs.
EF (e) for magnetars. The range of EF (e) is (36 ∼ 96) MeV,
where ρ =2.8×1014 g cm−3 and Ye = 0.05.
star with no accretion(Yakovlev et al. 2001), and its
persistent soft X-ray luminosity shouldn’t be less than
its rotational energy loss rate, dE/dt, so magnetars
SGR 1627-41, 1E 11547.0-5408 and XTEJ 1810-197
also should not be considered. With respect to AXPs
1E 2259+586 and 1E 1048.1-5937, their particular soft
X-ray luminosities are far from the fitted curved lines,
shown in Figure 2. The possible explanations are given
as follows.
1. The observed properties of 1E 2259+586 seem con-
sistent with the suggestion that it is an isolated pul-
sar undergoing a combination of spherical and disk
accretion (White & Marshall 1984). This magnetar
could be powered by accretion from the remnant
of Thorne -Z˙ytow object(TZ˙ (van Paradijs et al
1995)).
2. AXP 1E 1048.1-5937, discovered as a 6.4 s pulsar
near the Carina Nebula Steward et al (1986), is con-
firmed to be a dim isolated pulsar with no mecha-
nism to explain well its ‘abnormal’ behaviors includ-
ing LX . Observations indicated a significant decline
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in variation in its persistent soft X-ray luminosity.
For example, between September 2004 and Febru-
ary 2011, LX decreased from (1∼ 2) ×1034 erg s−1
(Mereghetti et al 2004) to 5.4 ×1033 erg s−1.
However, in accordance with the traditional view on
the electron Fermi energy, the electron capture rate Γ
will also decrease with increasing B in ultrastrong mag-
netic fields. If the electron captures induced by field-
decay are an important mechanism powering magne-
tar’s soft X-ray emission(Cooper & Kaplan 2010), then
LX will also decrease with increasing B, which is con-
trary to the observed data in Table 3 and the fitting
results of Figure 2.
5 Conclusions
In this paper, on the basis of the distribution of Landau
levels of electrons, we derive the formulae for electron
Fermi energy in ultrastrong magnetic fields. We con-
clude that the stronger the magnetic fields, the higher
the electron Fermi energy becomes. However, the tradi-
tional viewpoint on electron Fermi energy will be con-
fronted with a severe challenge from our calculations of
EF (e). If the magnetic field is the main energy source
of all the persistent and bursting emission observed in
magnetars, this article could be useful in studying the
direct URCA processes, neutrino emissions and neu-
tron star cooling, etc. It is expected that that our
assumptions and calculations can be used to compare
with observations in the future, to provide a deeper un-
derstanding of the nature of the ultrastrong magnetic
fields and soft X-ray in magnetars.
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Table 2 The relation of EF (e) and B.
Name Ye EF (1) EF (2) EF (3) EF (4)
B∗=0 B∗=1 B∗=10 B∗=100
56
26Fe 0.4643 0.95
a 1.07b 2.53c 6.93d
62
28Ni 0.4516 2.61
a 1.96b 3.62c 9.48d
64
28Ni 0.4375 4.31
a 5.09c 10.66d
66
28Ni 0.4242 4.45
a 5.17c NOe
86
36Kr 0.4186 5.66
a 11.45d
84
34Se 0.4048 8.49
a 14.88d
82
32Ge 0.3902 11.44
a 17.18d
80
30Zn 0.3750 14.08
a 21.82d
aThe sign ‘a’ denotes that these values of EF (e) are
known experimentally, corresponding to nuclei densities
7.96 ×106, 2.71 ×108, 1.30 ×109, 1.48 ×109, 1.48 ×109,
1.48 ×109, 1.10 ×1010, 2.08×1010 and 5.44×1010g cm−3
, respectively. Each density is the maximum density at
which a given nucleus survives (Hanensel & Pichon 1994);
bThe sign ‘b’ denotes that these nuclear masses known
experimentally are from the fourth column of Table 1;
cThe sign ‘c’ denotes that these nuclear masses known
experimentally are from the the fifth column of Table 1;
dThe sign ‘d’ denotes that these nuclear masses known
experimentally are from the sixth column of Table 1;
eThe sign ‘e’ denotes that 66
28
Ni is found to be absent
from the equilibrium nucleus sequence, and so is not
presented.
Note: All the values of EF (e) are measured in MeV.
Despite the existence of very small mass differences
caused by experimental uncertainty between the data
in the second column of Table 1 and that in the third
column of Table 2, the results of our calculations will
not be affected. In the fourth column of Table 2, for
every nucleus ( from 64
28
Ni to 80
30
Zn ), the discrepancy
between the nucleus transition density corresponding
to B∗ = 1 and the nucleus transition density corres-
ponding to B∗ = 0 is so small that it is almost imp-
ossible to make a significant difference. The same is
true, in the fifth column of Table 2, for every nucle-
us (from 86
36
Kr to 80
30
Zn), the discrepancy between the
nucleus transition density corresponding to B∗ = 10
and the nucleus transition density corresponding to
B∗ = 0 is also too small to be distinguished from
each other, which can be seen in the fourth and the
fifth column of Table 2, so the transition densities no
longer continue to be listed.
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